Birational geometry of smooth families of varieties admitting good
  minimal models by Taji, Behrouz
ar
X
iv
:2
00
5.
01
02
5v
1 
 [m
ath
.A
G]
  3
 M
ay
 20
20
BIRATIONAL GEOMETRY OF SMOOTH FAMILIES OF VARIETIES
ADMITTING GOOD MINIMAL MODELS
BEHROUZ TAJI
Abstract. In this paper we study families of projective manifold with good mini-
mal models. After constructing a suitable moduli functor for polarized varieties with
canonical singularities, we show that, if not birationally isotrivial, the base spaces of
such families support subsheaves of log-pluridifferentials with positive Kodaira dimen-
sion. Consequently we prove that, over special base schemes, families of this type can
only be birationally isotrivial and, as a result, confirm a conjecture of Kebekus and
Kova´cs.
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1. Introduction and main results
A conjecture of Shafarevich and Viehweg, settled by the combined works of Viehweg and
Zuo [VZ03b] and Campana and Pa˘un [CP16] or [CP19], predicts that smooth projective
families of manifolds with ample canonical bundle (canonically polarized) whose algebraic
structure maximally varies have base spaces of log-general type.
More recently, triggered by the result of Popa-Schnell [PS17], it has been speculated
that far more general results should hold for a considerably larger category of projective
manifolds; those with good minimal models. In other words there is a conjectural connec-
tion between (birational) variation in smooth projective family of non-uniruled manifolds
and global geometric properties of their base. In this setting the most general conjecture
is a generalization of a conjecture of Campana which we resolve in this paper.
Theorem 1.1 (isotriviality over special base). Let U and V be smooth quasi-projective
varieties. If V is special, then every smooth projective family fU : U → V of varieties with
good minimal models is birationally isotrivial.
2010 Mathematics Subject Classification. 14D06, 14D23, 14E05, 14E30, 14D07.
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We recall that an n-dimensional smooth quasi-projective variety V is called special if,
for 1 ≤ p ≤ n, every invertible subsheaf L ⊆ ΩpB(logD) verifies the inequality κ(L ) < p,
where (B,D) is any smooth compatification of V , cf. [Cam04]. Varieties with zero Kodaira
dimension [Cam04, Thm 5.1] and rationally connected manifolds are important examples
of special varieties.
In [Taj18, Sect. 5] it was shown that, thanks to Campana’s results on the orbifold
Cn.m conjecture, once Theorem 1.1 is established the following conjecture of Kebekus-
Kova´cs [KK08, Conj. 1.6] (formulated in this general form in [PS17]) follows as a conse-
quence.
Theorem 1.2 (resolution of Kebekus-Kova´cs Conjecture). Let fU : U → V be a smooth
projective family of manifolds with good minimal models. Then, either
(1.2.1) κ(V ) = −∞ and Var(fU ) < dimV , or
(1.2.2) κ(V ) ≥ 0 and Var(fU ) ≤ κ(V ).
When Var(fU ) is maximal (Var(fU ) = dimV ), these conjectures are all equivalent
to Viehweg’s original conjecture generalized to the setting of manifolds admitting good
minimal models. The latter is a result of [PS17] combined with [CP16].
For canonically polarized fibers Theorem 1.1 was settled in [Taj16]. A key component of
the proof was the following celebrated result of [VZ03b] for the base space of a projective
family fU : U → V of canonically polarized manifolds.
⋆ There are m ∈ N and an invertible subsheaf L ⊆
(
Ω1B(logD)
)⊗m
such
that κ(L ) ≥ Var(fU ).
Establishing ⋆ in the more general context of projective manifolds with good minimal
models has been an important goal in this topic. In its absence, a weaker result was
established in [Taj18] where it was shown that for projective families with good minimal
models we have:
⋆⋆ There are m ∈ N, a pseudo-effective line bundle B and a line bundle
L on B, with (L ⊗B) ⊆
(
Ω1B(logD)
)⊗m
, such that κ(L ) ≥ Var(fU ).
Clearly ⋆⋆ is equivalent to ⋆ when variation is maximal, in which case the result
is due to [PS17]. But as it is shown in [Taj18] and [PS17] the discrepancy between the
two statements poses a major obstacle in proving Kebekus-Kova´cs Conjecture in its full
generality. In this paper we close this gap and prove the following result.
Theorem 1.3. Let fU : U → V be a smooth, projective and non-birationally isotrivial
morphism of smooth quasi-projective varieties U and V with positive relative dimension.
Let (B,D) be a smooth compactification of V . If the fibers of fU have good minimal models,
then there exist k ∈ N and a saturated invertible subsheaf L ⊆
(
Ω1B(logD)
)⊗k
such that
κ(B,L ) ≥ Var(fU ).
The fundamental reason underlying the difference between the two results⋆⋆ and The-
orem 1.3 is that while the proof of the former makes no use of a—at the time unknown—
moduli space associated to the family fU , the improvement in the latter heavily depends
on a well-behaved moduli functor that we construct in Section 3 for any projective family
of manifolds with good minimal models.
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Theorem 1.4. Let fU : U → V be a smooth projective family of varieties admitting good
minimal models. For every family f ′ : U ′ → V resulting from a relative minimal model
program for fU , there are an ample line bundle L on U
′, an integer N ∈ N, and a moduli
functor M[N ] such that
(fU ′ : U
′ −→ V,L ) ∈M
[N ]
h (V ),
where h is a fixed, suitably chosen Hilbert polynomial. Moreover, the functor M
[N ]
h has a
quasi-projective coarse moduli scheme M
[N ]
h .
The key advantage that Theorem 1.4 offers is that instead of constructing L at the
base of f : X → B we do so at the level of a moduli stack ; a smooth projective variety Z
equipped with a generically finite morphism toM
[N ]
h and parametrizing a new family, now
with maximal (birational) variation. But once variation is maximal again ⋆ and ⋆⋆ are
equivalent and the pseudo-effective line bundle B in ⋆⋆ can essentially be ignored.
Since there are no maps from B to Z, the next difficulty is then to lift this big line bundle
on Z to a line bundle on B. We resolve this problem by showing that the construction
of such invertible sheaves are in a sense functorial. More precisely we show that the
Hodge theoretic constructions in [Taj18], from which these line bundle arise, verify various
functorial properties that are sufficiently robust for the construction of the line bundle L
in Theorem 1.3, using the one constructed at the level of moduli stacks. This forms the
main content of Section 2.
1.1. Other previously known results. When dimension of the base and fibers are equal
to one, Viehweg’s hyperbolicity conjecture was proved by Parshin [Par68], in the compact
case, and in general by Arakelov [Ara71]. For higher dimensional fibers and assuming that
dim(V ) = 1, this conjecture was confirmed by Kova´cs [Kov02], in the canonically polar-
ized case, and by Viehweg and Zuo [VZ01] in general. Over Abelian varieties Viehweg’s
conjecture was solved by Kova´cs [Kov97]. When dim(V ) = 2 or 3, it was resolved by
Kebekus and Kova´cs, cf. [KK08] and [KK10]. In the compact case it was settled by
Patakfalvi [Pat12]. In the canonically polarized case, and when dim V ≤ 3, Theorem 1.1 is
due to Jabbusch and Kebekus [JK11a]. Using ⋆⋆ Kebekus-Kova´cs conjecture is settled
in [Taj18] with the assumption that dimV ≤ 5. More recently Theorem 1.1 for fibers of
general type has appeared in [WW20].
1.2. Acknowledgements. I am very thankful to Fre´de´ric Campana. This project was
triggered by his visit to Sydney Mathematical Research Institute (SMRI) and his help was
decisive throughout the process of writing this paper. I also owe a debt of gratitude to
Sa´ndor Kova´cs for many fruitful discussions and answering my multiple questions regarding
various moduli functors that appear in Section 3 of this paper.
2. Functorial properties of subsheaves of extended variation of Hodge
structures arising from sections of line bundles
Our aim in this section is to show that the Hodge theoretic constructions in [Taj18] enjoy
various functorial properties. These will play a crucial role in the proof of Theorems 1.3
and 1.1 in Section 4.
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Notation 2.1 (discriminant). For a morphism f : X → Y of quasi-projective varieties with
connected fibers, by Df we denote the divisorial part of the discriminant locus disc(f).
We define ∆f to be the maximal reduced divisor supported over f
−1Df .
2.1. Geometric setup. Let f : X → Y be a morphism of smooth quasi-projective vari-
eties with connected fibers and relative dimension n. Let M be a line bundle on X . We
will sometimes need the extra assumption that
(2.1.1) H0(T, µ∗M ) 6= 0,
for some positive integer m and a surjective morphism µ : T → X from a smooth quasi-
projective variety T . For example, the assumption (2.1.1) is valid when H0(X,Mm) 6= 0,
in which case T can be taken to be any desingularization of the cyclic cover associated to
a prescribed global section of Mm [Laz04, Prop. 4.1.6].
Now, let g : Y + → Y be a morphism of smooth quasi-projective varieties and set
g′ : X+ → X to be a strong desingularization1 of Y + ×Y X with the resulting family
f+ : X+ → Y +. Next, we define M+ := (g′)∗M . Let T+ be any smooth quasi-projective
variety with a birational surjective morphism to a strong desingularization of (T ×X X
+)
with induced maps g′′ : T+ → T and µ+ : T+ → X+. By construction we have
H0(T+, (µ+)∗(M+)) 6= 0.
Finally, we define the two compositions
h := f ◦ µ and h+ := f+ ◦ µ+.
T+
h+
%%
g′′ //
µ+ !!❉
❉❉
❉❉
❉❉
❉ T
µ
⑧⑧
⑧⑧
⑧⑧
⑧⑧
h
zz
X+
f+

g′ // X
f

Y +
g // Y
We will assume that ∆f , ∆h, ∆f+ and ∆h+ have simple normal crossing support.
2.2. Hodge theoretic setup. In the setting of 2.1, after removing subsets of codim ≥ 2
from the base, we may assume that Df and Dh also have simple normal crossing support.
Let (E =
⊕
Ei, θ) be a logarithmic system of Hodge bundles underlying the Deligne
canonical extension of Rn h∗C |Tr∆h (with the fixed interval [0, 1)). For every 0 ≤ p ≤ n,
and after removing a closed subset of Y along Dh of codimY ≥ 2, let
(
Ω•T (log∆h), FT,•
)
be the filtered logarithmic de Rham complex with the decreasing locally free filtration FT,•
and with locally free gradings induced by the exact sequence
0 −→ h∗Ω1Y (logDh) −→ Ω
1
T (log∆h) −→ Ω
1
T/Y (log∆h) −→ 0.
1A desingularization that restricts to an isomorphism over the regular locus.
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Let CpT denote the complex corresponding to Ω
p
T (log∆h) defined by the short exact
sequence
0 −→ h∗Ω1Y (logDh)⊗ Ω
p−1
T/Y (log∆h) −→
ΩpT (log∆h)
F 2T,p
−→ ΩpT/Y (log∆h) −→ 0,
given by quotienting out the short exact sequence 0 → F 1T,p → F
0
T,p → Ω
p
T/Y (log∆h) →
0 by F 2T,p. Thanks to Steenbrink [Ste76] and Katz-Oda [KO68] we know there is an
isomorphism of Hodge bundles
(E , θ) ∼=
⊕
Ri h∗Ω
n−i
T/Y (log∆h),
with the Higgs field of the system on the right defined by the long exact cohomology
sequence associated to Rh∗C
p
T (as an object in the bounded derived category of coherent
sheaves).
Following the general strategy of [VZ03b] as we have seen in [Taj18] we can construct
a Ω1Y (logDf )-valued system (F , τ). Furthermore, if the assumption (2.1.1) holds, then
there is a map of systems
Φ : (F , τ) −→ (E , θ).
For the reader’s convenience we briefly recall the construction of [Taj18, Subsect. 2.2].
Similar to the construction of CpT we can construct C
p
X and consider the twisted short
exact sequence CpX ⊗M
−1. Let (F , τ) be the system defined by
Fi := R
i f∗
(
Ωn−iX/Y (log∆f )⊗M
−1
)
,
with each τ |Fi given by the connecting maps in the cohomology sequence associated to
R f∗(C
p
X ⊗M
−1). The adjunction map OX → Rµ∗OT and the pullback map µ
∗
(
CpX ⊗
M−1
)
→ CpT induces the two morphisms
CpX ⊗M
−1 −→ CpX ⊗M
−1 ⊗Rµ∗OT −→ Rµ∗C
p
T ,
and consequently the morphism
(2.1.2) R f∗(C
p
X ⊗M
−1) −→ R h∗C
p
T .
Proposition 2.2 (cf. [Taj18, Subsect. 2.2]). The morphism (2.1.2) induces the commu-
tative diagram
Rn−p f∗
(
ΩpX/Y (log∆f )⊗M
−1
) τ //
Φn−p

Ω1Y (logDf )⊗ R
n−p+1 f∗
(
Ωp−1X/Y (log∆f )⊗M
−1
)
id⊗Φn−p+1

En−p
θ // Ω1Y (logDh)⊗ En−p+1.
The vertical maps on the left define Φ : (F , τ) → (E , θ) by Φ =
⊕
Φi. Furthermore, Φ0
is injective.
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We can replicate these construction for f+ : X+ → Y +. That is, assuming that Df+
and Dh+ have simple normal crossing support and after removing a closed subscheme
of Y + along Df+ of codimY + ≥ 2 (if necessary), we can define the systems (F
+, τ+),
(E +, θ+) and a morphism of systems Φ+ on Y + with
F
+
i = R
i f+∗
(
Ωn−iX+/Y +(log∆f+)⊗ (M
+)−1
)
, E +i = R
i h+∗
(
Ωn−iT+/Y +(log∆h+)
)
.
2.3. Functoriality. I. In the setting of Subsection 2.1, let X ′ := X×Y Y
+ and π : X+ →
X ′ be the strong resolution defining g′ as the composition σ ◦ π:
X+
g′
((pi //
f+ ""❉
❉❉
❉❉
❉❉
❉ X
′ σ //
f ′

X
f

Y +
g // Y.
Lemma 2.3. There is a natural morphism
g∗R f∗C
p
X −→ R f
+
∗
(
(g′)∗CpX
)
.
Proof. By adjunction there is a natural map σ∗CpX −→ Rπ∗
(
(g′)∗CpX
)
which leads to
R f ′∗(σ
∗CpX) −→ R f
+
∗
(
(g′)∗CpX
)
.
The rest now follows from (derived) base change. 
Assumption 2.4. From now on we will make the extra assumption that the morphism g
is flat.
Proposition 2.5. Assuming that Assumption (2.1.1) holds, there is a commutative dia-
gram of morphisms of systems
g∗(F , τ)
g∗Φ //

g∗(E , θ)

(F+, τ+)
Φ+ // (E +, θ+),
which is an isomorphism over Y + rDf+ for the vertical map on the left. Furthermore,
the vertical map on the right is an injection over Y +.
Proof. This is a direct consequence of base change and the functoriality of the construction
of the systems involved. To see this, we note that there is a commutative diagram
(µ+)∗(g′)∗
(
CpX ⊗M
−1
)

// (g′′)∗CpT

(µ+)∗
(
CpX+ ⊗ (M
+)−1
)
// CpT+ ,
so that
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R f+∗
(
(g′)∗(CpX ⊗M
−1)
)
//

Rh+∗ (g
′′)∗CpT

R f+∗
(
CpX+ ⊗ (M
+)−1
)
// Rh+∗ C
p
T+ .
On the other hand, by Lemma 2.3 we have
g∗
(
R f∗C
p
X ⊗M
−1
)
//

g∗Rh∗C
p
T

R f+∗
(
(g′)∗(CpX ⊗M
−1)
)
// R h+∗ (g
′′)∗CpT .
Existence of the map g∗(F , τ) → (F+, τ+) now follows from the associated long exact
cohomology sequences and flatness of g. Furthermore, the assumption that g is flat implies
that g∗(F , τ)→ (F+, τ+) is an isomorphism over Y + rDf+ .
Now, let T ′ be a strong desingularization of (X+ ×X T ) such that there is a surjective
birational map σ : T+ → T ′. Set h′ : T ′ → Y + to be the induced family and let (E ′, θ′)
be the Hodge bundle for the canonical extension of the VHS underlying h′. Then, again
by base change, we know that there is a morphism
(2.5.1) g∗(E , θ) −→ (E ′, θ′),
which is an isomorphism over Y +rDh′ . The injectivity of (2.5.1) across Dh′ follows from
the definition of canonical extensions.
On the other hand, thanks to Deligne [Del71], we know that R σ∗Ω
p
T+/Y +(log∆h+)
∼=
ΩpT ′/Y +(log∆h′). Therefore, (E
+, θ+) ∼= (E ′, θ′) which induces the required injection.

In the setting of Proposition 2.5, let (G , θ) and (G+, θ+) be, respectively, the image of
(F , τ) and (F+, τ+) under Φ and Φ+. In particular, for each i, we have
θ(Gi) ⊂ Ω
1
Y (logDf )⊗ Gi+1 and θ
+(G+i ) ⊂ Ω
1
Y +(logDf+)⊗ G
+
i+1.
Due to the birational nature of the problems considered in this article, in application,
we will be able to delete codimenison two subschemes of Y whose preimage under g are
also of codimY + ≥ 2. Therefore, as g is flat, we may assume that the torsion free system
(G , θ) is locally free. On the other hand, after replacing (G+, θ+) by its reflexive hull, we
may also assume that (G+, θ+) is reflexive.
Assumption 2.6. The torsion free system (G , θ) is locally free and (G +, θ+) is reflexive.
By Proposition 2.5 we have a commutative diagram of systems
(2.6.1) g∗(G , θ) //

g∗(E , θ)

(G+, θ+) // (E +, θ+),
8 BEHROUZ TAJI
with all maps being injective over Y +. Furthermore, the morphism
g∗(G , θ) −→ (G+, θ+)
is an isomorphism over the Y + rDf+ .
We end this subsection with the following lemmas, which will be useful for application
in Section 4.
Lemma 2.7. In the setting of Setup 2.1 let π : X˜ → X be a projective birational morphism
with the induced morphism f˜ : X˜ → Y . Following the construction of (F , τ) above let
(F˜ , τ˜ ) be the system corresponding to the short exact sequence Cp
X˜
⊗π∗M−1, for 0 ≤ p ≤ n.
Then, in the complement of a subscheme of Y of codimY ≥ 2 , there is an isomorphism
(F , τ) ∼= (F˜ , τ˜ ).
Proof. Again by using the pullback map π∗(CpX ⊗ M
−1) → Cp
X˜
⊗ π∗M−1 we find the
natural morphism
R f∗
(
CpX ⊗M
−1
)
−→ R f˜∗
(
Cp
X˜
⊗ π∗M−1
)
, for 0 ≤ p ≤ n.
Consequently, by using their construction, we find a map of systems
(2.7.1) (F , τ) −→ (F˜ , τ˜ ).
On the other hand, over the flat locus of the two families f and f˜ , we have
R f˜∗
(
Ωp
X˜/Y
(log∆f˜ )⊗ π
∗
M
−1
)
∼= R f∗
(
Rπ∗Ω
p
X˜/Y
(log∆f˜ )⊗M
−1
)
∼= R f∗
(
π∗Ω
p
X˜/Y
(log∆f˜ )⊗M
−1
)
by Deligne [Del71]
∼= R f∗
(
ΩpX/Y (log∆f )⊗M
−1
)
.
Therefore, the morphism (2.7.1) defines an isomorphism.

For the next lemma we will be working in the context of the following setup.
Set-up 2.8. Let f+ : X+ → Y + and f ′ : X ′ → Y + be two surjecitve projecitve morphisms
of smooth quasi-projective varieties with connected fibers of relative dimension n and with
Df+ = Df ′ . Let π : X
+ 99K X ′ be a birational map over Y + with a resolution defined by
the two birational morphisms π+ : X˜ → X+ and π′ : X˜ → X ′. Set f˜ : X˜ → Y + to be the
resulting fibration. Let A + be a line bundle on Y + and define
M˜ := Ωn
X˜/Y +
(
log∆f˜
)
⊗ (f˜)∗(A +)−1.
Let M+ be a line bundle on X+ such that H0
(
X+, (M+)m
)
6= 0 and with an injection
(2.8.1) (π+)∗M+︸ ︷︷ ︸
˜:=M+
−֒→ M˜ .
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Let M ′ := ΩnX′/Y +(log∆f ′)⊗ (f
′)∗(A +)−1 and set M˜ ′ := (π′)∗M ′. By using the cyclic
overing construction [Laz04, Prop. 4.1.6] it is not difficult to see that there is a surjective
generically finite morphism µ˜ : T+ → X˜ of smooth quasi-projective varieties such that
(2.8.2) H0(T+, µ˜∗M˜ ) 6= 0 , H0
(
T+, µ˜∗M˜+
)
6= 0 and H0(T+, µ˜∗M˜ ′) 6= 0.
T+
µ˜
 µ+

µ′

X˜
pi′
}}④④
④④
④④
④④
pi+
""❉
❉❉
❉❉
❉❉
❉
X ′
f ′ !!❉
❉❉
❉❉
❉❉
❉ X
+
f+||②②
②②
②②
②②
Y +.
Lemma 2.9. In the setting of (2.8) let (F+, τ+), (F˜ , τ˜ ) and (F ′, τ ′) be logarithmic
systems associated to the short exact sequences CpX+ ⊗ (M
+)−1, Cp
X˜
⊗ (M˜ )−1 and CpX′ ⊗
(M ′)−1, respectively (see Subsection 2.2 for the construction). There exists a commutative
diagram of systems
(2.9.1) (F˜ , τ˜)
yysss
ss
ss
ss
s
&&▲▲
▲▲
▲▲
▲▲
▲▲
(F ′, τ ′)
Φ′ %%▲▲
▲▲
▲▲
▲▲
▲▲
(F+, τ+)
Φ+xxqqq
qq
qq
qq
q
(E +, θ+).
Consequently the morphism Φ˜ : (F˜ , τ˜)→ (G˜ , θ˜) ⊆ (E +, θ+) factors through Φ+ : (F+, τ+)→
(G+, θ+) ⊆ (E +, θ+) and Φ′ : (F ′, τ ′) → (G ′, θ′) ⊆ (E +, θ+). In particular (G˜ , θ˜) is
Ω1Y +(logDf+)-valued.
Proof. From the injection (2.8.1) we find a non-trivial morphism
M˜
−1 −→ (M˜+)−1.
Combining this with the non-vanishings in (2.8.2) we have
(µ˜)∗
(
Cp
X˜
⊗ M˜−1
)
→ (µ˜)∗
(
Cp
X˜
⊗ (M˜+)−1
)
−→ CpT+
so that by adjunction we have the naturally defined maps
Cp
X˜
⊗ M˜−1 → Cp
X˜
⊗ (M˜+)−1 −→ R µ˜∗C
p
T+ .
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Therefore, following the construction in Subsection 2.2 and by Lemma 2.7 we find that
morphism (F˜ , τ˜ )→ (E +, θ+) factors through (F˜ , τ˜ )→ (F+, τ+).
The proof of the remaining half of Diagram (2.9.1) follows from the same argument but
this time using the morphism M˜−1 −→ (π′)∗M ′−1 instead.

Let us now rewrite this lemma within a slightly more technical setting that will naturally
appear in the proof of Theorem 1.3 in Section 4.
Lemma 2.10. Let f : X → Y , f+ : X+ → Y + and the flat morphism g : Y + → Y be
as in the setting of Proposition 2.5. Let π : X+ → X ′ be a birational map over Y + as in
Lemma 2.9. For a line bundle A on Y , let M := ΩnX/Y (log∆f )⊗ f
∗A −1. Assuming that
H0(Mm) 6= 0, there is a smooth quasi-projective variety T+ with a surjective birational
morphism to a strong desingularization of (T ×X X
+) fitting in the commutative diagram
T+
g′′
++❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲
µ˜
 µ+

µ′

X˜
pi′
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
pi+
!!❈
❈❈
❈❈
❈❈
❈ T
µ
  
  
  
  
X ′
f ′ !!❈
❈❈
❈❈
❈❈
❈ X
+
f+||③③
③③
③③
③③
g′ // X
f

Y +
g // Y.
Moreover, with M+ = (g′)∗M and A + = g∗A the conclusions of Lemma 2.9 hold and
that G ′0
∼= G˜0 ∼= g
∗G0 →֒ G
+
0 .
2.4. Functoriality. II: descent of kernels. For the purpose of application later on in
Section 4, we need to further refine our understanding of the properties of the systems
constructed in Subsection 2.3, when g is induced by a flattening of a proper morphism.
To this end, we consider the following situation.
Let f : V → W be a projective morphism of smooth quasi-projective varieties with
connected fibers of positive dimension. Let f ′ : V ′ → W ′ be a desingularization of a
flattening of f , with the associated birational morphisms π : V ′ → V and µ : W ′ → W ,
so that, by construction, every f ′-exceptional divisor is π-exceptional.
Definition 2.11 (codimension one flattening). In the above setting, let V ◦ ⊆ V be the
complement of the center of π. We call the induced flat morphism f◦ : V ◦ → W ′ a
codimension one flattening of f .
Notation 2.12. In this article we denote the reflexivization of the determinant sheaf by
det(·).
Proposition 2.13 (descent of kernels of subsystems of VHS). In the setting of Subsec-
tion 2.1, assume that the varieties are projective and that the maps exist after removing
closed subsets of Y + of codimY + ≥ 2. Let N
+
i = ker(θ
+|
G
+
i
). If g : Y + → Y is a
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codimension one flattening of a proper morphism with connected fibers, then, for every i,
there is a pseudo-effective line bundle Bi on Y such that
(2.13.1)
(
(detN +i )
−1
)ai ∼= g∗Bi,
for some ai ∈ N.
Proof. Let Ni = ker(θ|Gi ). We first consider the case where g is assumed to be proper.
Again, as g is flat, pre-image of subsets of Y of codimY ≥ 2 are of codimY + ≥ 2 and
therefore we may assume that Ni is locally free. From Diagram 2.6.1 (and Proposition 2.5)
it follows that there is an injection
g∗
(
detNi
)
−→ det(N +i ),
which is an isomorphism over Y + r Df+ . Therefore, detN
+
i is f
+-effective and that
detN +i
∼= OY +y , for all y ∈ Y r Df . Thanks to properness and flatness of g, from the
latter isomorphism it follows that
detN +i ≡f 0.
Therefore detN +i is trivial over Y
+. Consequently there is a line bundle Bi on Y satis-
fying the isomorphism (2.13.1).
On the other hand, thanks to weak seminegativity of kernels of Higgs fields underlying
polarized VHS of geometric origin [Zuo00] (see [Taj18, Sect. 3] for further explanation and
references), (detN +i )
−1 is pseudo-effective. Therefore so is Bi, cf. [BDPP13].
For the case where g is not proper, we repeat the same argument for the flattening of
g (from which g arises), after removing the non-flat locus from the base.

Next, we recall the trick of Kova´cs and Viehweg-Zuo involving iterated Kodaira-Spencer
maps, which we adapt to our setting.
Lemma 2.14. In the setting of Lemmas 2.9 and 2.10 assume that κ(Y,G0) = κ(Y,A ) > 0.
Then, up to a suitable power, there is an integer m > 0 for which θ˜ induces an injection
(2.14.1) G˜0 ⊗
(
detN +m
)−1
︸ ︷︷ ︸
g∗Bm
−֒→
(
Ω1Y +(logDf+)
)⊗k
,
for some k ∈ N and where Bm is a pseudo-effective line bundle.
Proof. We use the isomorphism
g∗G0 ∼= G˜0
in Lemma 2.10 which implies that we have κ(Y +, G˜0) > 0. Now, for any non-negative
integer i, we consider the image of G˜0 under the morphism
θ˜i := (id⊗θ˜) ◦ . . . ◦ (id⊗θ˜)︸ ︷︷ ︸
i times
◦ θ˜ : G˜0 −→
(
Ω1Y (logDf+)
)⊗(i+1)
⊗ G˜i+1.
Let m = max{i
∣∣ θ˜i(G˜0) 6= 0} so that there is an injection
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G˜0 −֒→
(
Ω1Y +(logDf+)
)⊗m
⊗ N˜m,
where N˜i := ker(θ˜|G˜i).
Claim 2.15. m ≥ 1.
Proof of Claim 2.15. If the map θ˜ : G˜0 → Ω
1
Y +(logDf+) ⊗ G˜1 is zero, then G˜0 is anti-
pseudo-effective [Zuo00]. But this contradicts the inequality κ(G˜0) > 0. 
Now, from the inclusion (G˜ , θ˜) ⊆ (G+, θ+) in Lemma 2.9 it follows that N˜i ⊆ N
+
i .
Therefore, there is an injection
G˜0 −֒→
(
Ω1Y +(logDf+)
)⊗m
⊗N +m .
Consequently—again by using the weak seminegativity of N +m —we find the desired
injection (2.14.1). The isomorphism involving the pseudo-effective line bundle Bm follows
from Proposition 2.13.

3. A bounded moduli functor for polarized schemes
In this section we will construct a moduli functor that is specially tailored to the study
of projective families of good minimal models with canonical singularities (see [KM98]
and [Kol13] for background on the minimal model program and the relevant classes of
singularities).
Let us introduce a few standard notations that will help with simplifying our presenta-
tion.
Notation 3.1 (pullback and base change). For every morphism α : B′ → B, we denote
the fiber product X ×B B
′ by XB′ , with the natural projections f
′ : X ×B B
′ → B′ and
pr : X ×B B
′ → X . Furthermore, for a coherent sheaf F on X , we define FB′ := pr
∗ F .
We begin by recalling Viehweg’s moduli functorM for polarized schemes [Vie95, Sect 1.1].
The objects of this functor are polarized schemes (Y, L), with L being ample. We write
(Y, L) ∈ Ob(M). The morphism M : SchC → Sets is defined by
M(B) =
{
Pairs (f : X → B,L )
∣∣ f is flat and projective, L is invertible
and (Xb,Lb) ∈ Ob(M), for all b ∈ B,
}/
∼,
for any base scheme B. Here, the equivalence relation ∼ is given by
(
f1 : X1 → B,L1
)
∼
(
f2 : X2 → B,L2
)
⇐⇒ there is a B-isomorphism σ : X1 → X2
such that L1 ∼= σ
∗
L2 ⊗ f
∗
1B,
for some line bundle B on B.
For a positive integer N , we now consider a new subfunctor M[N ] ⊂M, whose objects
(Y, L) verify the following additional properties.
(3.1.1) Y has only canonical singularities.
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(3.1.2) ω
[N ]
Y is invertible and semi-ample (N is not necessarily the minimum such integer).
(3.1.3) For all b ≥ 1, the line bundle Lb is very ample and Hi(Y, Lb) = 0.
(3.1.4) ω
[N ]·ν
Y ⊗ L is very ample, for some ν ∈ N and H
i(Y, ω
[N ]·ν
Y ⊗ L) = 0.
(3.1.5) Hi(Y, ω
[N ]
Y ⊗ L
N) = 0.
For any scheme B, the functor M[N ] is then defined by
M
[N ](B) =
{
Pairs (f : X → B,L )
∣∣ f is flat, projective, L is invertible,
and (Xb,Lb) ∈ Ob(M
[N ]), for all b ∈ B
}/
∼ .
A few remarks are in order. First, it is not clear that ω
[N ]
X/B is invertible, posing an
obstruction to M[N ] being a moduli functor. Thankfully, the following observation of
Kolla´r provides this vital property for regular base schemes. Alternatively one could use
Kawamata’s result [Kaw99] on degeneration of canonical singularities.
Claim 3.2 (cf. [CKM88, Lect. 6]). When B is regular, the reflexive sheaf ω
[N ]
X/B is invertible.
Proof of Claim. 3.2. For every x ∈ Xb, let ρx : U
′
x → Ux be the local lift of the indexed one
covering of (Xb, x) [CKM88, Cor. 6.15]. As rational singularities degenerate into rational
singularities [Elk78], U ′x has rational singularities and the induced family f ◦ ρ : U
′
x → Vx
is Cohen-Macaulay (after restricting to a smaller subset if necessary). Therefore, by base
change, ωU ′x/Vx is invertible. Since V is regular, ωU ′x is also invertible. Consequently
N ·KUx is Cartier, as required. 
The fact that ω
[N ]
X/B is invertible is the key for the formation of ω
[N ]
X/Y to commute with
arbitrary base change; the property that enriches M[N ] with the structure of a moduli
functor [HK04, Lem. 2.6]. From now on we will assume that B is regular.
For M[N ] to be a moduli functor it is also necessary that very ampleness of the two line
bundles in Items (3.1.3) and (3.1.4) is preserved under base change. This can be easily
checked by noting that, thanks to flatness of these invertible sheaves over B and using
the semicontinuity theorem [Har77, Thm. 12.8], the cohomology vanishing in (3.1.3) and
(3.1.4) guarantee that the two natural maps
X 99K PB(f∗L ) and X 99K PB
(
f∗(ω
[N ]·ν
X/B ⊗L )
)
are immersions over B. Now, as the construction of PB
(
f∗(·)
)
is functorial, this in turn
ensures that, given α : B′ → B, the two maps
X 99K PB′(f
′
∗LX′) and X 99K PB′
(
f ′∗(ω
[N ]·ν
X′/B′ ⊗LX′)
)
are immersions over B′. Therefore the two line bundles in Items (3.1.3) and (3.1.4) remain
very ample under base change.
Finally, Condition (3.1.3) means that M[N ] is bounded cf. [Vie95, Def. 1.15].
The next proposition shows that the choice of polarization for objects of M[N ] helps
with tracing a connection between isomorphic classes of varieties and polarized schemes.
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Proposition 3.3. Assume that M [N ] is a coarse moduli scheme for M[N ]. For (f : X →
B,L ) ∈ M[N ](B), with the induced map µ : B → M [N ], assume that f isotrivial. Then,
the morphism µ is constant.
Proof. Since the problem is local over B, we may assume that f is trivial; for a projective
variety F there is an isomorphism σ : B × F → X over B.
The key point to observe is that, as f∗L is locally free, the fiberwise embeddings into
Pm via ψ : X → PB(f∗L ) differ by an automorphism of P
m (homography) which in turn
induces an identification of prescribed polarizations for (isomorphic) fibers.
We now extend this observation to the whole family. That is, from the construction of
M
[N ] it follows that the line bundle L defines a morphism ψ : X → PB(f∗L ), which is
an immersion over B and that
L ∼= ψ∗OPB(f∗L )(1)⊗ f
∗
B
for some line bundle B on B. Moreover, we have a commutative diagram
F
ψF // Pm
B × F
""❋
❋❋
❋❋
❋❋
❋❋
pr
OO
σ // X
f

ψ // PB(f∗L )
vv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥
∼= // Pm ×B
OO
B,
where ψF is a naturally induced immersion and pr : B × F → F is the projection map.
We thus have the isomorphism
pr∗(ψ∗FOPm(1))
∼= σ∗L
over B. Therefore, (B × F → B, σ∗L ) is a trivial family of polarized schemes and thus
so is (f : X → B,L ). 
3.1. Quasi-projectvity ofM[N ] with a fixed Hilbert polynomial. Following Viehweg
we define a notion of Hilbert polynomial for a polarized Q-Gorenstein variety (Y, L) of in-
dex N by
(3.3.1) h(α, β) = χ(ω
[N ]·α
Y ⊗ L
β),
where α, β ∈ N, cf. [Vie95, Def. 1.25]. By M
[N ]
h we now denote the subfunctor of M
[N ]
consisting of objects with fixed Hilbert polynomial h.
Proposition 3.4. The subfunctor M[N ] ⊂M is open (thus locally closed) and separated.
Proof. Our first aim is to show that M[N ] is open (cf. [Vie95, Def. 1.16]). This can be
done by establishing the openness of each of Properties (3.1.1), (3.1.2), (3.1.4) and (3.1.5)
in the following order, assuming that the special fiber Xb is an object of M
[N ] and noting
that we have already seen that Item (3.1.3) is open.
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Degeneration of index and singularities: By Claim 3.2 we know that ω
[N ]
X is invertible near
Xb. Now, the fact that X has only canonical singularities near Xb follows from induction
on the dimension of the base and inversion of adjunction [Kol92, Prop. 16.4].
Global generation: To show that semi-ampleness of ω[N ] is open, we note that thanks to
Takayama’s result on the invariance of plurigenera [Tak07], near Xb, the torsion free sheaf
f∗ω
[N ]·m
X/B is locally free, for any m ∈ N. As ω
[N ]
Xb
is semi-ample, for sufficiently large ν ∈ N,
over the locus where f∗ω
[N ]·ν
X/B is locally free, we have a morphism X → PB(f∗ω
[N ]·ν
X/B ),
showing that ω
[N ]·ν
X/B is globally generated over this locus. In particular fibers near Xb
also have semi-ample canonical divisor. As a consequence, openness of the cohomology
vanishing in Item (3.1.4) follows from the semicontinuity theorem.
For openness of the vanishing (3.1.5) note that using openness of global generation of
ω
[N ]·ν
Y and very ampleness of L we find that the very ampleness of (ω
[N ]
Y ⊗ L
N)ν is open.
Therefore, ω
[N ]
X/B ⊗ L
N is flat over B near Xb. Openness of (3.1.5) now follows from
semicontinuity.
It remains to verify that M[N ] is separated. Let R be a DVR and K its field of fraction.
Define B = Spec(R) and consider two polarized families
(3.4.1) (f1 : X1 −→ B,L1) , (f2 : X2 −→ B,L2) ∈ M
[N ](B),
that are isomorphic (as families of polarized schemes) over Spec(K). Let us denote this
isomorphism by σ◦ : X◦1 → X
◦
2 , where X
◦
i denote the restriction of the family Xi, and
define Xi,b := (Xi)b, with Xi,0 denoting the special fiber.
Using the two properties in Item (3.1.3), for i = 1, 2, we find the natural morphisms
ψi : Xi −→ PB
(
(fi)∗Li
)
such that
Li
∼= ψ∗i OPB
(
(fi)∗Li
)(1)
︸ ︷︷ ︸
:=L ′
i
⊗f∗i Ci,
for some line bundle Ci on B. In particular we have
(3.4.2) (f1;X1 −→ B,L
′
1) ∼ (f2 : X2 −→ B,L
′
2).
Claim 3.5. In this context, using the morphism ψi : Xi → PB
(
(fi)∗Li
)
, we can find
reduced divisors
Di ∈ |L
′
i |/B
such that near the special fibers we have
(3.5.1) Di avoid the generic point of every fiber Xi,b,
(3.5.2) D1 = (σ
◦)∗D2, and that
(3.5.3) (Xi,0, Di,0) is lc, where Di,0 := Di|Xi,0 .
Proof of Claim 3.5. Using the Spec(K)-isomorphism σ◦ we have a commutative diagram
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X01
σ◦

ψ1 // PSpec(K)((f1)∗L1)
ρ◦∼=

X02
ψ2 // PSpec(K)((f2)∗L2),
We note that, as an automorphism of Pm-bundles over Spec(K), ρ◦ extends to an iso-
morphism ρ : PB
(
(f1)∗(L1)
)
→ PB
(
(f2)∗L2
)
. Moreover, for a suitable choice of D′2 ∈
|OPB(f2)∗L2(1)| we can ensure that D2 := ψ
∗
2D
′
2 verifies Properties (3.5.1) and (3.5.3). We
finish the proof of the claim by defining D1 := ψ
∗
1ρ
∗D′2. 
Now, by inversion of adjunction we find that (Xi, Di +Xi,0) is lc and thus, by special-
ization, so is (Xi,b, Di,b), for every b ∈ Spec(K), where Di,b := Di|Xi,b .
Next, using the vanishing (3.1.5) and the fact that, for all b ∈ B, χ(ω
[N ]
Xb
⊗ (L ′i )
N |Xi,b )
is constant, it follows that, for i = 1, 2, the volume vol(KXi +Di,b) is constant. Now, using
Claim 3.5 and thanks to separatedness of such functors [Kol, Thm. 4.99], as stable families
of pairs, the two families
(
f1 : (X1, D1)→ B
)
and
(
f2 : (X2, D2)→ B
)
are isomorphic. In
particular we have (f1 : X1 → B,L
′
1) ∼ (f2 : X2 → B,L
′
2) and consequently, by (3.4.2),
we have
(
f1 : X1 → B,L1
)
∼
(
f2 : X2 → B,L2
)
,
as required.

It is shown by Viehweg [Vie95, Thm. 8.23] that a moduli subfunctor of M verifying the
properties enjoyed by M
[N ]
h has a quasi-projective coarse moduli scheme.
Proposition 3.6. The moduli functor M
[N ]
h has a quasi-projective coarse moduli scheme
M
[N ]
h .
3.2. Connection to the minimal model program. As we will see later in Section 4
for a smooth family of projective manifolds with good minimal models, it is very useful to
have an associated quasi-projective, birationally-parametrizing space.
Theorem 3.7 (Theorem. 1.4). Let U ′ and V be quasi-projective and V smooth. For every
projective family f ′ : U ′ → V of good minimal models with only canonical singularities,
there is an ample line bundle L on U ′ (not unique) such that, for some n ∈ N, (fU ′ :
U ′ → V,L ) ∈ M
[N ]
h (V ) with the induced morphism µV : V → M
[N ]
h . In particular any
relative good minimal model f ′ : U ′ → V ′ of any smooth family f : U → V of projective
varieties with good minimal models gives rise to morphisms of this form.
Proof. Conditions (3.1.1), (3.1.2) are automatically satisfied by standard results in MMP.
Since U ′ is Cohen-Macaulay, the morphism f ′ is flat. Therefore, thanks to cohomology
and base change, for a suitable choice of a very ample line bundle L ′, the two condi-
tions (3.1.3) and (3.1.4) can be verified for any positive power of L ′, that is, for any a ∈ N,
Hi(Uv,L
′a
v) = 0 and, for some ν ∈ N, ω
[N ]·ν
Uv
⊗L ′
a
v is very ample andH
i(ω
[N ]·ν
Uv
⊗L ′
a
v) = 0,
for all v ∈ V .
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Similarly one can show that h(α, β) = χ(ω[N ]·α⊗Lβ) is fixed in the family (this can be
checked for every fixed α as β varies).
Moreover, noting that ω
[N ]
Y ⊗ L
′r is flat over V , for any r ∈ N, we can ensure that
Hi(ω
[N ]
Uv
⊗L ′
r
v) = 0, for any sufficiently large r ∈ N. In particular, for sufficiently large
a ∈ N, we have
Hi(ω
[N ]
Uv
⊗ (L ′
a
)N ) = 0.
Item (3.1.5) can now be verified by taking L to be L ′
a
.

Thanks to the choice of the polarization, for families of objects of M[N ] there is a close
connection between the notion of Var(·) and the induced moduli maps.
Proposition 3.8. In the setting of Theorem 3.7 we have dim
(
Im(µV )
)
= Var(fU ).
Proof. Let V be the scheme defined by the algebraic closure of C(V ). Let V ′′ be the
scheme associated to the unique minimal closed field of definition of fU ′ in the sense
of [Kaw85, pp. 5–6] and [Kaw85, Thm. 7.2]; there is a dominant morphism ρ : V → V ′′, a
morphism f ′′ : U ′′ → V ′′ with respect to which U ′′ is a good minimal model over V ′′, and
we have
U := U ′′ ×V ′′ V ∼= U
′ ×V V ,
with the resulting commutative diagram
U ′
fU′

U
f

oo // U ′′
f ′′

V
µV

V
σoo ρ // V ′′
W ⊆M
[N ]
h ,
where f denotes the natural projection and W the image of µV . Note that by definition
we have dimV ′′ = Var(fU ).
Claim 3.9. dimW ≥ dim V ′′.
Proof of Claim 3.9. Assume that instead dimW < dim V ′′. Let T ⊆ V be a subscheme
whose pre-image under σ is generically finite over V ′′. This implies that dimT = dim V ′′
and that the variation of the induced family over T defined by pullback of f ′′ is maximal.
Now, by comparing the dimensions, we see that
dim
(
µV (T )
)
< dim T.
But this contradicts the fact that the induced family over T has maximal variation,
cf. [Kol87, Cor. 2.9]. 
Now, let Z ⊆ V be subscheme that is generically finite and surjective over W . Using
Proposition 3.3 we find that σ−1(Z) is also generically finite over V ′′; otherwise along
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the positive dimensional fibers the induced family over σ−1(Z) is isotrivial and thus by
Proposition 3.3 the fibers are contracted via µV , which contradicts the generic finiteness
assumption over W . We thus have dim(W ) = dim(Z) ≤ dim(V ′′). The proposition now
follows from Claim 3.9.

4. Base spaces of families of manifolds with good minimal models
To prove Theorems 1.3 and 1.1 we will use the moduli functor in Theorem 1.4 to
construct a new family fZ : XZ → Z out of the initial f : X → B over which the
variation is maximal (Proposition 4.2 below). Serving as the key component of the proof
of Theorem 1.3, the subsystems of canonical extensions of VHS in Section 2 will then be
constructed for fZ and various families arising from it.
Notation 4.1. For a flat morphism f : X → Y of regular schemes, by X(r) we denote a
strong desingularization of the r-th fiber product over Y
Xr := X ×Y X ×Y . . .×Y X︸ ︷︷ ︸
r times
.
Following Section 3 we will use the notation M
[N ]
h for the moduli of polarized varieties
with canonical singularities with a fixed Hilbert polynomial h (satisfying the additional
properties listed in Section 3). As a quasi-projective scheme (Theorem 1.4), we will denote
its compactification by M
[N ]
h . Since in what follows all our maps to M
[N ]
h originate from
reduced schemes, with no loss of generality we will assume that M
[N ]
h is already reduced.
Proposition 4.2. Let f : X → B be a smooth compactification of a non-birationally
isotrivial, smooth and projective family fU : U → V , whose fibers admit good minimal
models. Assume that Var(fU ) 6= dim(V ). Then, depending on a choice of a MMP for fU ,
for a suitable choice of N , and up to a finite base change of f , there are smooth projective
varieties Z+ and Z, a morphism γ : Z+ → B and, after removing a subscheme of Z+ of
codimZ+ ≥ 2, a morphism g : Z
+ → Z that fit into the commutative diagram
(4.2.1) X
f

X ′
γ′oo
f ′
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼ X
+
Z
f+
Z

pioo❴ ❴ ❴ ❴ ❴ ❴ // XZ
fZ

B Z+
γoo g // Z,
verifying the following properties.
(4.2.2) We have dim(B) = dim(Z+) > dim(Z), where dimZ = Var(fU ). Moreover, there
is a morphism µV : B → M
[N ]
h with positive relative dimension and a generically
finite map µZ : Z →M
[N ]
h such that the diagram
B
µV
**❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚ Z
+γoo g // Z
µZ

M
[N ]
h
BIRATIONAL GEOMETRY OF SMOOTH FAMILIES 19
commutes.
(4.2.3) The morphism g : Z+ → Z is a codimension one flattening of a proper morphism
(see Definition 2.11).
(4.2.4) The two schemes X+Z and XZ are regular and quasi-projective. The two mor-
phisms fZ and f
+
Z are projective with connected fibers. Furthermore, we have
Supp
(
g∗(DfZ )
)
= Supp(Df+
Z
) = Supp
(
γ∗(Df )
)
.
(4.2.5) With X ′ being a strong desingularization of X ×B Z
+, there is a birational map
π : X+Z 99K X
′ over Z+. The morphism f ′ : X ′ → Z+ is the naturally induced
map.
(4.2.6) For any r ∈ N there is an induced diagram involving similarly defined morphisms
f (r) : X(r) → B, f
(r)
Z : X
(r)
Z → Z, f
+
Z
(r)
: X+Z
(r)
→ Z+ and f ′
(r)
: X ′
(r)
→ Z+
commuting with the ones in Diagram 4.2.1.
(4.2.7) For all sufficiently large and divisible m, the line bundle A := det f∗ω
m
XZ/Z
is big
and we have H0(X
(r)
Z ,M
m) 6= 0, where
M := Ωn
X
(r)
Z
/Z
(log∆
f
(r)
Z
)⊗ (f
(r)
Z )
∗(A −1).
Proof. We start with (4.2.2) Let µV be a compactification of the induced moduli map µV ,
with W being the image of µV . Take Z ⊂ B to be a sufficiently general, smooth and
complete-intersection subvariety such that µZ := µV |Z : Z → W is generically finite. By
proposition 3.3 we have dimZ = Var(fU ).
Define Z+ to be a desingularization of the normalization of B ×W Z. Let γ : Z
+ → B
be the resulting naturally defined map.
For Item (4.2.3), using Stein factorization, we first replace Z by a finite covering and
then a desingularization so that g : Z+ → Z has connected fibers. Now, let g˜ : Z˜+ → Z ′
be a flattening of g so that after removing a subscheme of Z+ of codimZ+ ≥ 2, the induced
map g : Z+ → Z ′ is a codimension one flattening. We now replace Z by Z ′.
For Item (4.2.4), we take XZ to be a strong desingularization of the pullback of f :
X → B via the morphism Z → B and X+Z is a strong desingularization of XZ ×Z Z
+.
For Item (4.2.5), since the automorphism group of the fibers, as polarized schemes,
are finite, at the minimal level, the smooth locus of the two families f ′ and f (again at
the minimal level) are isomorphic, up to a finite covering of B [Kol90]. Therefore, after
replacing B by this finite covering, there is a birational map π : X+ 99K X ′ over Z+,
induced by the MMP map.
Item (4.2.6) can be easily checked.
It now remains to show Item (4.2.7). Thanks to [VZ03b, Cor. 4.3.(e)] (see also [PTW19,
App.] for the generalization to the case of smooth families of varieties having good minimal
models) we know that for sufficiently large r we have
H0
(
X
(r)
Z ,
(
Ωn
X
(r)
Z
/Z
(log∆
f
(r)
Z
)⊗ f
(r)
Z (A
−1)
)m)
6= 0,
for all sufficiently large and divisible m. Bigness of A is due to Kawamata [Kaw85,
Thm. 1.1.(i)].

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4.1. Proof of Theorems 1.3. Let f : X → B be a smooth compactification of fU
so that, consistent with the rest of this paper, D in the setting of the theorem will be
replaced by the notation Df . When Var(fU ) = dimB, the theorem is due to [VZ03a], in
the canonically polarized case, and [PS17] in general (see also [Taj18]). So assume that
Var(fU ) 6= dimB.
By Proposition 4.2 we know that, up to a finite base change, f : X → B fits in-
side the diagram (4.2.1). For the moment let us identify f with its base change. Let
AB := det(f∗ω
m
X/B). We note that, over the smooth locus of the two families, as f∗ω
m
X/B
and (fZ)∗ω
m
XZ/Z
are locally free by Siu’s invariance of plurigenera [Siu98], by using the
definition of A in Item (4.2.7), we have
(4.2.8) γ∗AB|Z+rDf′
∼= g∗A |Z+rDf′ .
After replacing X by X(r), for sufficiently large r (Item (4.2.6)), let M be the line
bundle on XZ defined in (4.2.7), namely
(4.2.9) M = ΩnXZ/Z(log∆fZ )⊗ f
∗
A
−1.
By Item (4.2.7) we know that H0(XZ ,M
m) 6= 0. Now, let (F =
⊕
Fi, τ) be the
Ω1Y (logDfZ )-valued system on Z defined in Subsection 2.2 with M being defined by (4.2.9)
and fZ : XZ → Z taking the role of f : X → Y . By construction we have F0 ∼= A .
Next, let (G , θ) be the image of (F , τ) under Φ. As Φ0 is injective, Proposition 2.2,
there is an isomorphism
A ∼= G0.
After replacing f+ : X+ → Y + by f+Z : X
+
Z → Z
+ (the morphism in Proposition 4.2),
let X˜ be the smooth quasi-projective variety and (G˜ , θ˜), (G +, θ+) the Ω1Z+(logDf+Z
)-valued
systems in Lemmas 2.9 and 2.10. As G˜0 ∼= g
∗G0, by using the map (2.14.1), for some k ∈ N,
we have an injective morphism
g∗(A ⊗Bm︸ ︷︷ ︸
:=LZ
) ∼= g∗A ⊗ (detN +m )
−1 −֒→
(
Ω1Z+(logDf+
Z
)
)⊗k
.
As A is big in Z and µZ is generically finite, we have κ(Z
+, g∗LZ) ≥ Var(f).
Claim 4.3. For the system (G˜ , θ˜) we have
(4.3.1) θ˜(G˜ ) ⊆ γ∗Ω1B(logDf )⊗ G˜ .
Proof of Claim 4.3. Since, after removing a codimB ≥ 2-subscheme of B, the morphism
γ is finite, it suffices to establish the claim over B rDf . Therefore we may assume that
f+Z , f
′, fZ and f are smooth.
Let (FB , τB) be the system defined by C
p
X ⊗M
−1
B , where MB := ωX/B ⊗ f
∗A
−1
B . By
the isomorphism (4.2.8) we have (γ′)∗MB ∼= M
′. Consequently, since γ is flat, according
to Proposition 2.5 we have
(F ′, τ ′) ∼= γ∗(FB , τB).
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Therefore, we have τ ′ : F ′ → γ∗Ω1B ⊗F
′. The claim now follows from Lemma 2.10, that
is, as (G ′, θ′) is the image of (F ′, τ ′) under Φ′ and since the morphism (F˜ , τ˜)→ (G˜ , θ˜) ⊆
(E +, θ+) factors through Φ′ the inclusion (4.3.1) holds. 
Now, as the injection (2.14.1) is induced by θ˜, thanks to Claim 4.3 we have
(4.3.2) g∗LZ −֒→ γ
∗
(
Ω1B(logDf )
)⊗k
.
We may assume that this injection is saturated and let us denote its image by LZ+ . After
deleting appropriate subscheme of B of codimB ≥ 2, using its Galois closure, we may also
assume that γ : Z+ → B is Galois. Set G := Gal(Z+/B). It follows that the G-sheaf⊗
a∈G a
∗LZ+ descends [HL10, Thm. 4.2.15], that is
⊗
a∈G
a∗LZ+ ∼= γ
∗
L ,
for some line bundle L on B. Therefore, we have κ(B,L ) = κ(Z+,LZ+) ≥ Var(fU ), as
required.
Finally, we note that the above argument shows that we may assume with no loss of gen-
erality that f : X → B is identified with the required finite base change in Proposition 4.2.
This finishes the proof of Theorem 1.3.
4.2. Proof of Theorem 1.1. To prove Theorem 1.1 we need a refinement of the statement
of Theorem 1.3 in the sense of the following theorem. As one would expect, the proof of
this theorem is inextricably intertwined with that of Theorem 1.3. We note that in the
canonically polarized case this refinement is due to Jabbusch-Kebekus [JK11b].
Theorem 4.4. In the setting of Theorem 1.3, let W be the image of the moduli map
µV : V → W ⊆ M
[N ]
h . Let W
◦ ⊆ W be the open subset over which µV has maximal rank
and set B◦ := µ−1V (W0). Over this locus we have
L |B0 ⊆ (dµV )
⊗k
(
(µ∗V Ω
1
W0)
⊗k
)
,
where dµ is the naturally defined pullback map dµ : µ∗VΩ
1
W0
→ Ω1B0 .
Proof. In the setting of Proposition 4.2 let Z0 := µ
−1
Z (W0), Z
+
0 := g
−1(Z0) and consider
the commutative diagram
(4.4.1) Z+0
γ //
g

B0
µV

Z0
µZ // W0.
Denote the restrictions of the line bundle LZ in the proof of Theorem 1.3 to Z0 by LZ0 .
By construction and using (4.3.2) we have
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(
G
+
0 ⊗ det(N
+
m )
−1
)
//
(
γ∗Ω1B
)⊗k
g∗
(
G0 ⊗ detN
−1
m︸ ︷︷ ︸
LZ0
)
∼=
OO
// g∗
(
µ∗ZΩ
1
W0
(logDW0)
)⊗k
OO
where DW0 is a reduced divisor supported over the branch locus of µZ . Clearly we have
DW = 0 so that there is an injection
g∗LZ0 −֒→ γ
∗
(
µ∗VΩ
1
W0
)⊗k
.
If we assume that the image of this injection is saturated, then by smoothness of µV it
is also saturated inside γ∗(Ω1B0)
⊗k and the rest follows from the construction of L in
the proof of Theorem 1.3. Otherwise by saturating the image of LZ0 inside µ
∗
Z(Ω
1
W0
)⊗k,
thanks to smoothness of g, we can ensure that its pullback via g remains saturated inside
γ∗
(
µ∗VΩ
1
W0
)⊗k
and γ∗(Ω1B0)
⊗k. Using the construction of L we can again conclude that
the theorem holds.

With Theorems 1.3 and 4.4 at hand, the proof of Theoemr 1.1 is now identical to
[Taj16], for which [CP16] or [CP19] provides a vital ingredient (see also Claudon’s Bourbaki
exposition [Cla15]). We briefly recall the main steps.
Aiming for a contradiction we assume that fU is not isotrivial. Thanks to the already
established results in the maximal variation case ([VZ03a], [CP16] and [PS17]) we know
Var(fU ) 6= dim(V ). Therefore, the compactified moduli map µV : B → W ⊆ M
[N ]
h has
positive dimensional fibers. With no loss of generality we may assume that W is smooth
and µV has connected fibers. Next, as specialness is a birational invariant, we replace µV
by an algebraic fiber space d : B′ → W ′ that is biraitonally equivalent to µV ; a so-called
neat model of d (see [Taj16, Prop. 4.2, Thm. 4.3] and reference therein).
Now, according to Theorems 1.3, for some k ∈ N, there is a line bundle
L ⊆
(
Ω1B′(logDf ′)
)⊗k
,
with κ(L ) ≥ dimW ′. Furthermore, this line bundle generically descends to W ′ in the
sense of Theorem 4.4. At this point the result of Jabbusch-Kebekus [JK11a, Cor. 5.8]
applies. Consequently we find an invertible sheaf LW ′ inside the sheaf of orbifold pluri-
differential forms
(
Ω1W ′(logD
orb
d )
)⊗Ck
, where Dorbd is the orbifold base of the map d. It
now follows that κ(W ′,KW ′ +D
orb
d ) = dimW
′ [Taj16, Thm. 5.2], which implies that B′
is not special, and thus neither is B, contradicting our initial assumption.
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